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Abstract. The bulk flow is a volume average of the peculiar velocities and a useful probe of
the mass distribution on large scales. The gravitational instability model views the bulk flow
as a potential flow that obeys a Maxwellian Distribution. We use two N-body simulations, the
LasDamas Carmen and the Horizon Run, to calculate the bulk flows of various sized volumes
in the simulation boxes. Once we have the bulk flow velocities as a function of scale, we
investigate the mass and gravitational potential distribution around the volume. We found
that matter densities can be asymmetrical and difficult to detect in real surveys, however, the
gravitational potential and its gradient may provide better tools to investigate the underlying
matter distribution. This study shows that bulk flows are indeed potential flows and thus
provides information on the flow sources. We also show that bulk flow magnitudes follow a
Maxwellian distribution on scales > 10 h−1 Mpc.
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1 Introduction
The standard framework for the formation of the large-scale structure of the Universe is
assumed to be governed by the gravitational instability model [1–3]; observational signatures
of the model have been reported [4–6] that confirm this scenario. The remarkable success
of this model to predict and explain the formation of cosmic structure paved the way to the
development of the Cosmological Constant Cold Dark Matter (ΛCDM) scenario that agrees
extremely well with a whole slew of observations, such as the Cosmic Microwave Background
(CMB) fluctuations [7, 8], and redshift surveys [9–15]. Many of these observations, however,
probe either high redshift tracers or light distribution ones which may be biased tracers of
the current mass distribution. There is one probe, however, that dynamically traces the mass
distribution, especially at small redshifts, and that is the cosmic velocity field, and more
particularly in this paper, the bulk flow (e.g. [16–28] and many others).
The bulk flow (BF) is the average of peculiar velocities in a volume [29–31]. Peculiar
velocities specify the velocities of galaxies towards mass concentrations and thus are good
tracers of matter and the corresponding gravitational potentials [32, 33]. They provide us an
important tool to discern the reason for cosmic flows of matter since gravitational potentials
on these scales are dominated by dark matter. Citation [34] has shown that these peculiar
velocities agree with the ΛCDM model of the universe. Other studies have shown similar
results as well [35–38].
However, some estimations of BF show some tension with the ΛCDM model. Recent
studies (e.g. [39–43]) are inconsistent with ΛCDM at 2.5 − 3σ confidence level. If these
estimations are not due to large scale flows, then the reason for the discrepancies may come
from the uncertainty in original data, distance estimation methods and systemic uncertainties.
Some of those uncertainties may be hard to control [44, 45].
A popular method to estimate the BF is the Maximum Likelihood Estimate (MLE)
[46]. However, the MLE method has two major shortcomings [39, 40, 45, 47]: first, each
survey probes the power spectrum in a unique way which makes it very difficult to directly
compare different surveys; second, the MLE window function for a given survey is fixed, which
means that the effective scale from which the results are estimated is particular to the survey
and cannot be changed without discarding some of the data. Further, [31] also shows the
inconsistency of the MLE. Recently, a more consistent and, in fact, optimal estimation method
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was introduced to address these problems, called the Minimum Variance (MV) method [39,
40], and was tested further by citation [48] (for a recent implementation of the MV method
see [49, 50]).
Various studies have indicated that the BF magnitudes fit Maxwellian distribution (e.g.
[51]), which is consistent with the expectation that structure formation is the outgrowth
of gaussian initial conditions via gravitational instability. Some possible sources of the BF
are reviewed by citation [52]; they include attractors [53, 54], super-horizon tilt [41, 55, 56],
over-dense regions resulting from bubble collisions [57] or induced by cosmic defects [58]. In
recent studies, some new possible sources have been proposed: a combination of over- and
under-dense region [40, 59] and void asymmetries in the cosmic web [60].
In this paper we use N-body simulations to revisit and test the basic assumptions made
to analyze and understand survey data for cosmic flows. More specifically, the simulation data
will provide us with both the velocity distributions and the sources of BF. This will enable
us to determine whether the assumptions made regarding large-scale cosmic flows should be
modified.
The paper is organized as follows: In section 2 we describe the numerical simulations we
use. In section 3 we discuss the method we use to estimate the BF. In section 4 we show the
BF estimation results and statistics. In section 5 we discuss the possible sources of BF. The
results and conclusions are presented in section 6.
2 N-body simulations
In the following we use two independent suites of N-body simulations. The first are the
Carmen Boxes of Large Suite of Dark Matter Simulations (LD-Carmen) [61], that contain
positions and velocities of galaxies with equal mass.1 The other is the Horizon Run (HR)
[62] simulation which uses Zel’dovich approximation [63, 64] to generate initial conditions,
containing positions, velocities and masses of galaxies, and is designed to model the SDSS
observations. The parameters for LD-Carmen and HR simulations are shown in Table 1.
The LD-Carmen simulation uses a parallel friends-of-friends (FOF) code [65] to identify
bound groups of dark matter particles (halos) with the Ntropy framework [66]. The initial
conditions are generated by the 2LPT code [67], which employs second-order Lagrangian
perturbation theory. The simulations include 41 Gpc3 boxes with approximately 1.3 million
mock galaxies in each. Following the Gaussian-weighted procedure we describe in section 3,
we extract 1, 000 mock surveys from each of the 41 LD-Carmen boxes to estimate a total
of 41, 000 BF’s. We also extract 5, 000 bulk flow catalogues from the HR simulation. The
simulations we use differ from each other by small deviations of the initial conditions and the
size and density of the data. It is also important to note that particle mass and softening
also differ in the two simulations, to some extent owing to different initial and final redshifts
(see Table 1).
3 The Gaussian-weighted bulk flow
We calculate the Gaussian and tophat BF’s using the full three dimensional velocity vectors
directly.
1http://lss.phy.vanderbilt.edu/lasdamas/
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Table 1. The cosmological parameters and information of LD-Carmen and HR simulation
Parameters LD-Carmen HR
Matter density, Ωm 0.25 0.26
Cosmological constant density, ΩΛ 0.75 0.74
Baryon density, Ωb 0.04 0.044
Hubble parameter, h (100kms−1Mpc−1) 0.7 0.72
Amplitude of matter density fluctuations, σ8 0.8 0.794
Primordial scalar spectral index, ns 1.0 0.96
Box size (h−1Mpc) 1000 6592
Number of particles 11203 41203
Initial redshift, z0 49 23
Redshift, z 0.13 0
Particle mass, mp (1010h−1M) 4.938 29.6
Softening, fc (h−1kpc) 53 160
We define the ith component of the BF (Vi) to be
Vi =
N∑
n=1
Si,nfn(r)
N∑
n=1
fn(r)
, (3.1)
where Si,n is the ith peculiar velocity component of the nth galaxy, and f(r) is a Gaussian
radial distribution function
f(r) = e−r
2/2R2G , (3.2)
where r is the distance from galaxy to the center of Gaussian ball and RG is a measure of the
depth of the survey.
Applying this method to the simulation data, for each LD-Carmen box we pick 1,000
random points and estimate the Gaussian-weighted BF for each. As a consistency check, we
compare it with the one suggested by citation [31]:
B(r) =
3
4pir3
∫ r
0
v(r′)d3r′ , (3.3)
where B(r) is the BF vector, r is the radius of the tophat sphere which is twice the size of
the RG in Gaussian-weighted method (see Eq. 3.1), and v(r′) is the peculiar velocity vector.
The BF’s calculated with Eq. 3.1 and the ones in Eq. 3.3 give virtually identical results as
long as the radii are corrected for the difference in the selection functions.
4 Bulk flow distribution
Since |V |2 = ∑
i
V 2i , and each component of the BF (Vi) has a Gaussian distribution, the BF
magnitude should have a Maxwell-Boltzmann distribution (Maxwellian) instead of normal
distribution. Figure 1 shows the distribution of BF components. The figure shows clearly
that for large RG the distribution is Gaussian, but for smaller radii, it is not. That is exactly
what we expect given the small-scale nonlinearities in the velocity distribution.
– 3 –
Figure 1. The Logarithmic distribution of the BF components (41,000 LD-Carmen mock surveys,
three components each) with RG = 1 − 60 h−1Mpc radius. Bin widths equal to 50 km/s for all the
sub-graphs. We can see clearly that the distribution is Gaussian (Solid line) for RG > 8 h−1Mpc.
To verify the BF magnitude distribution is Maxwellian distribution, we calculate its
probability density function by using the least square method.
The Maxwellian distribution function is
P (V ) =
√
2
pi
V 2
a3
e−
V 2
2a2 , (4.1)
where a is the distribution parameter, a =
√
kT/m, derived from Maxwell-Boltzmann distri-
bution function:
P (V ) =
√( m
2pikT
)3
4piV 2e−
mV 2
2kT . (4.2)
From Eq. 4.1 we get
µ = 2a
√
2
pi
, σ = a2
(3pi − 8)
pi
, (4.3)
where µ and σ are the mean and variance of the distribution, respectively. The mean (µ)
decreases as the survey depth (RG) increases, that is, the BF of a volume decreases with
increasing size, as expected. This trend is also shown by figure 2. Here also we see that for
small RG, the distribution is not Maxwellian, again, as expected due to small-scale nonlinear-
ities. We also tested the BF distribution from HR simulation, calculated 5, 000 BFs, which
also follow a similar pattern.
5 Potential
Since there is no power on scales larger than the box size, and the simulation boxes are not
tilted, that is, the average velocity of all galaxies in each direction vanishes, and the velocity
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Figure 2. The Logarithmic distribution of the BF magnitude (41,000 LD-Carmen mock surveys)
with varies radius. The distribution is Maxwellian (Solid line) for RG > 8h−1Mpc.
field is curl free, the expectation is that BF’s are potential flows due to mass distribution
around the volumes.
According to citation [68], the peculiar velocity is
v =
Haf
4pi
∂i
∫
d3x′
δ(x′)
|x′ − x| (5.1)
where H is the Hubble constant, a is scale factor and f is a function of Ω (density parameter)
f(Ω) = Ω0.55 [69], ∂i is the partial derivative with respect to 3-dimensional coordinate (i = x,
y, z).
Since the mock galaxies in the simulations have identical mass, we calculate the velocity
in units of Haf4pi . Thus
v = ∂i
1
|x′ − x| . (5.2)
Since the peculiar velocity in the simulation is irrotational, we can express it as a gradient of
a scaler.
v ∝ −∇φ (5.3)
Thus φ is proportional to 1|x′−x| and since it has the same form as the gravitational potential,
it fits our expectation. The potential equation can be simplified to
Ug = − 1
r′
(5.4)
The potential of a chosen point could be expressed as,
Ug = −
N∑
n=1
1
r′n
, (5.5)
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Figure 3. As the BF magnitude increases, potential slope about the center of the survey gets steeper.
The potential has been rescaled to [0, 1]. N is the number of points in the simulations in the velocity
range.
where r′n is the distance to the nth galaxy.
To make the analysis clearer, we rescaled Ug to [0,1] by
Ugi =
Ugi − {Ug}min
{Ug}max − {Ug}min . (5.6)
Where Ugi is potential of the ith selected position and {Ug} is the gravitational potential
ensemble.
From Eqs. (5.5) and (5.6) we calculate the potential and its gradient along positive and
negative BF direction centered about the Gaussian sphere center in a [−300,300] h−1Mpc
range with step 30 h−1Mpc.
In figures 3 and 4 we show the average potential and its gradient for all BF velocities
in different ranges of the BF magnitude, respectively. As can clearly be seen, there is a
strong correlation between the BF’s and the gradient of the potential, as expected. When we
calculate the potential perpendicular to the BF direction, we get results consistent with no
flows (as are the flows from the top left panels in figures 3 and 4).
The reason why the figures are symmetric about the central location of the volume
is because these are averages of all flows in the magnitude range, the results suggest that
generally we have an overdensity in the direction of the flow and an underdensity behind.
However, for each individual volume, this is not necessarily the case. In figure 5 left
panel we show the difference between the magnitude of the slope of the potential gradient
in the direction of the BF to that in the opposite direction. As can be clearly seen, each
volume exhibits very different non-symmetric distribution. In figure 6 we show the binned
distribution of the gradient slope differences. As can be expected, the distribution is roughly
Gaussian. This suggests that the reason for the flow is not a simple attractor but rather a
complex superposition of over- and under-dense regions that combine to cause the flow. There
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Figure 4. Same as figure 3, but showing the gradient of the potential, rescaled to −1 minimum.
Figure 5. Left panel: A scatter plot of the difference between the magnitude of the slope of the
gradient in the direction of the bulk flow to the slope in the opposite direction. The red line notes
the symmetric slopes. Right panel: We see a clear statistical correlation between BF magnitude and
gradient of gravitational potential. As the BF magnitude increases, the gradient of the potential
decreases. The contours contain 68% and 95% of the points and the line is the least square fit.
is a clear statistical correlation between the BF magnitude and the gradient of the potential
about the center of the volume for which we calculated the BF, as is shown in figure 5 right
panel. However, the picture is more complex when studying individual cases.
The BF magnitude from [39, 40, 45] increased with the radius (RG) and was around
200 and 400 km/s at RG ≈ 20 and 50 h−1Mpc respectively. That is, the BF actually grew
as a function of scale. We found above that the likelihood in ΛCDM to have a 400 km/s
BF magnitude on 50 h−1Mpc scale to be about 2% and as can be seen in Figures 1 and 2
a small percentage of the BF’s are quite large. In the simulations we searched for a rising
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Figure 6. The binned distribution of the gradient slope differences from figure 5 left panel, rescaled
to [0, 1]. As can be expected, the distribution is roughly Gaussian.
BF magnitude as a function of scale as we found in the surveys. In other words, we tried to
find a place in the simulation boxes that will emulate the same BF magnitude behavior on
all scales (10 ≤ RG ≤ 60h−1Mpc).
We found two dozen of these type of regions among the 41k points we investigated. In
Figs. 7 we show two representative slices in the simulation box. The circle in each figure has
a radius of 50 h−1Mpc and the arrow shows the direction of the BF vector on this scale. Each
slice was oriented so that the BF is to the positive x-direction. Each slice is 200h−1Mpc thick.
As can be seen in the figures, the density is anisotropic on both small and large scales.
On small scales the distributions are such that there is a small over-and under-dense regions
close to the center of the volume which happen to be in the opposite direction of the large over-
and under-dense regions on large scales. On all scales, the volume is attracted to the large
over-dense regions in the positive x-direction and away from the large under-dense regions in
the negative x-direction. On small scales the volume is also attracted to the close by over-
dense regions in the negative x-direction and away from some under-dense regions close by
in the positive x-direction which counters the large-scale flow and leads to slower overall flow
on small scales.
This suggests a very specific distribution of masses as well as large velocity shear that
we may be able to detect in future surveys. Further, it shows that there is no one large source
for the BF, but rather a complex distribution of high- and low-densities that gives rise to the
flow. In figure 8 we show a perspective of the volume around the flow which shows similar
behavior.
6 Conclusions
The Bulk Flow statistic is a powerful probe of the mass distribution and the underlying grav-
itational potential on > 10 h−1Mpc scales. We have investigated the BF’s from numerical
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Figure 7. Two representative slices of 20 and 50 h−1Mpc BF planes of positions in the simulation
that give similar BF behaviors to the one found in citation [44]. The black arrow and the black circle
indicate the direction of the BF and radius of 50 h−1Mpc scale, respectively.
simulations and as expected, the distribution of BF components obey a Gaussian distribu-
tion, whereas the BF magnitude yields a Maxwellian distribution. The BF’s magnitudes
yield similar results to the ones suggested by citation [31]. As a check, we made sure that
the BF distributions from LD-Carmen and HR simulations are similar and consistent with
expectations.
We demonstrated that on scales < 10 h−1Mpc, the velocity distribution is non Gaussian,
whereas on larger scales it is. Further, we showed that the scalar gravitational potential
field gives rise to the BF. Since our probe was the BF magnitudes, as long as we restrict
our attention to large scales, we are sensitive mainly to linear flows and can approximate
it as an irrotational potential flow. As such, we expect velocities to point towards mass
concentration sources. The BF is expected to be a good tracer of the potential flow towards
mass concentrations and away from underdense regions.
In general, we may expect to locate high density regions in the direction of the BF,
however, such a flow may also be a result of the relative differences between two opposite
directions. Relatively high matter concentration in the direction of the flow and comparatively
low density in the other direction may also produce such a result, as well as more complex
distributions. And thus, the observational search to find out the exact potential map or mass
distribution may be very difficult to achieve.
A large BF can have more than one over -and under-dense sources. Therefore, the
gradient of gravitational potential or the BF may not point to over-dense region exactly.
Complex geometrical distribution of mass may play a significant role here and prevent us
from mapping the mass distribution with any precision, especially on large scales.
It is clear that although a BF of the magnitude (≈ 400 km/s) found by some studies,
are not likely (< 2% chance), they are not impossible either and can be driven by a mass
distribution consistent with the ΛCDM scenario. To verify this observationally we must create
accurate maps of the mass distribution on scales of 300-400 h−1Mpc scales, a goal that may
prove difficult to achieve in the near future.
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Figure 8. The galaxy distribution around the center of the volume analyzed in perspective. The
shades represent the relative densities around each galaxy.
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